We show uniqueness of stationary and asymptotically flat black hole space-times with multiple disconnected horizons and with two rotational Killing vector fields in the context of fivedimensional minimal supergravity (Einstein-Maxwell-Chern-Simons gravity). The novelty in this work is the introduction in the uniqueness theorem of intrinsic local charges measured near each horizon as well as the measurement of local fluxes besides the asymptotic charges that characterize a particular solution. A systematic method of defining the boundary conditions on the fields that specify a black hole space-time is given based on the study of its rod structure (domain structure). Also, an analysis of known solutions with disconnected horizons is carried out as an example of an application of this theorem.
Introduction and Summary
Since the discovery of the black ring [1] it has become increasingly clear that the subject of higher-dimensional black holes is very rich and interesting. With the finding of the fivedimensional black ring solution it became clear that unlike in four dimensions black holes are not unique when given the asymptotically measurable conserved quantities. In fact, even restricting to a particular topology of the event horizon -namely that of the black ring -there can be two regular black ring phases available given the asymptotically measurable conserved quantities, i.e. the mass and angular momenta for pure gravity solutions.
The pressing question is thus whether there exists some meaningful generalization of the uniqueness properties of four-dimensional black holes to higher dimensions. This is important in order to understand the "space of black holes", e.g. how many black holes there are and how to classify them. It would also be crucial if one is given two strongly curved space-times with event horizons and one is asked to determine whether they are different or not. One would therefore like a finite list of invariants that can fully characterize a black hole spacetime. The list of invariants include topological invariants (such as the event horizon topology), geometrical invariants (e.g. lengths, areas, volumes etc.) and locally and globally measured physical quantities such as the mass, angular momenta, charges, fluxes and so on.
The rod structure introduced in [2] can be used to characterize and classify asymptotically flat stationary black holes in five-dimensional pure gravity, assuming the existence of two commuting rotational Killing vector fields corresponding to the rotations in two orthogonal model construction of [14] .
We choose in this paper to consider asymptotically flat stationary black hole space-times in five-dimensional EMCS gravity. This is motivated by the fact that EMCS gravity is the bosonic part of the five-dimensional minimal supergravity theory, which again is a low energy limit of string theory. This five-dimensional minimal supergravity shows up in many interesting string theory related contexts and it is important to obtain a characterization of black hole space-times in EMCS gravity. Another reason that we consider EMCS gravity is that one can find a sigma-model description with a G 2(2) symmetry [14, 15] . This makes it possible to make powerful solution generating techniques based on the integrability of the Einstein equations of EMCS gravity, similarly to what has been done for the five-dimensional pure gravity case [16] . Finally, many interesting black hole solutions in EMCS gravity have been found [17, 18, 19, 20, 21, 22, 23] which makes it important to study their uniqueness properties.
We emphasize that we in particular are able to handle the non-trivial situation where there are fluxes in between the event horizons of the multi-black hole solution. In fact, the relevance of the fluxes to characterize asymptotically Kaluza-Klein black hole solutions has been pointed out in [24] . These fluxes are measured as the fluxes through the minimal surfaces in between black rings or in between a black ring and a Myers-Perry black hole. There are two types of fluxes, one being the standard magnetic flux measured from the two-form field strength F = dA while the other flux is measured from the Chern-Simons contribution A ∧ F that also appears in the definition of charge. For non-zero fluxes and dipole charges the uniqueness theorem involves boundary conditions with arbitrary functions. However, as first found in [11] for the dipole black ring and black lens, the uniqueness theorem can work despite this fact.
A further motivation to this work came from the dipole ring solution [17] which is a solution of both five-dimensional EM and EMCS gravity. Since the dipole charge of the black ring is defined from a contractible circle it is not a conserved quantity. This results in a continuous non-uniqueness of black ring phases when given the asymptotic charges, i.e. the mass, angular momenta and the total charge. In this paper we prove that a dipole black ring in EMCS gravity is unique given its asymptotic charges, rod structure and dipole charge. Thus, as expected, the dipole charge provide a further local degree of freedom for black hole solutions. Note that for the case of EM gravity the dipole charge was included in the uniqueness theorem of [4] though with certain constraints on the gauge fields. 6 We add two extra ingredients to our uniqueness theorem as well: The general definition of rod structure in EMCS gravity and the general definition of dipole charge in terms of the rod structure. The definition of the rod structure we can infer from the completely general definition of domain structure of [12] employed in the special case of five-dimensional EMCS gravity. We describe how this works in the paper and employ the definition of rod structure in EMCS gravity to the case of the dipole black ring of [17] . We find here a natural definition of the two types of dipole charges in EMCS gravity based on the potentials used in the G 2 (2) sigma-model construction of [14] .
Finally, as an extra bonus, we consider furthermore the uniqueness theorem for the black lens, first considered in EMCS gravity in [11] . We consider in particular the role of the fluxes in this uniqueness theorem. 7 This paper is build up as follows. In Section 2 we define the rod-structure of black hole space-times in five-dimensional EMCS gravity by employing the general definition of the domain structure in [12] . In Section 3 we write down the action of Einstein-Maxwell-ChernSimons Gravity and give all the necessary formalism needed for our uniqueness theorem, specifically, we use the sigma model approach to show that a particular black hole solution is characterized by a certain number of potentials. In section 4 we specify the rod structure of the most general black hole solution with multiple disconnected horizons which can be found in this theory and satisfies our requirements. We then proceed by providing a systematic method to impose correct boundary on the potentials mentioned above leading to a proof of uniqueness for such space-times following an analysis of the uniqueness of different known exact solutions is taken. Further, we show how to generalize the theorem to include black space-times with Lens space horizon topology. In section 5 we discuss the implications and limitations of our results.
From Domain Structure to Rod Structure
We consider a five-dimensional asymptotically flat stationary black hole space-time. We assume that it has three commuting Killing vector fields V (0) , V (1) and V (2) such that V (0) is asymptotically time-like and generates R while V (1) and V (2) both are space-like and each generates a U (1). In [12] it is shown that the metric of the black hole space-time can be put in the form
where i, j = 1, 2, 3, G ij and z ∈ R. This is shown without use of the Einstein equations and it is explained in [12] that one can use this to define the rod-structure/domain-structure for any black hole space-time given the above assumptions. The set of space-like Killing vector fields V (1) , V (2) corresponds to a particular choice of basis. If we consider a new basis T (1) , T (2) then in general it is in a linear combination:
We want each of the T (i) to generate a U (1) isometry and we choose the period of the flow of the Killing vector fields to be 2π. This together with the fact that the above transformation should be invertible comes the requirement that U ∈ GL(p − 1, Z) with det(U ) = ±1. Hence we are not entirely free to choose the basis. Requiring the following two conditions to hold:
(i) = 0 for at least one point of space-time for a given i = 0, 1, 2.
7 The uniqueness theorem for the black lens was not included in the first preprint version of this paper.
(
then the two-planes orthogonal to the Killing vector fields V (i) are integrable, and we are free to set A i = 0 and λ = 1 everywhere. The metric (2.1) is then reduced to the simpler form:
In the class of black hole space-times we consider in this paper the second condition is guarantied by the Einstein equations of Einstein-Maxwell-Chern-Simons (EMCS) gravity (we write the action below in Section 3), while for the first condition one can use that we require the space-times to be asymptotically flat. In line with [12] we define now the rod-structure (domain-structure) of the solution by analyzing the behavior of G ij for r = 0 which constitutes the z-axis in the coordinates (2.3). For r = 0 we have det G ij = 0. Let Q 2 be the set of points at r = 0 for which dim ker G ≥ 2. This can be shown to be a set of points κ i , i = 1, 2, ..., p, with κ i < κ i+1 , that defines a set of intervals (−∞, κ 1 ), (κ 1 , κ 2 ), ... , (κ p , ∞) [12] . These intervals are the rods (domains) of the black hole space-time. On the inner part of the intervals dim ker G = 1. The direction of each interval (rod) correspond to the direction of v ∈ ker G at the interval. In case the direction of a rod is time-like for r → 0 the rod defines a Killing horizon with the direction being that of the corresponding Killing vector field. Otherwise the direction is space-like for r → 0 and the rod corresponds to a fixed plane of rotation.
In case of a rod with a space-like direction v the above restriction on the change of basis of the U (1) Killing vector fields means that v = mV (1) + nV (2) where m, n ∈ Z. Furthermore, two rods with space-like directions v = m 1 V (1) + n 1 V (2) and v ′ = m 2 V (1) + n 2 V (2) obey m 1 n 2 − m 2 n 1 = ±1. Thus, we regain the restrictions on the rod-structure obtained in [4] now for the case of EMCS gravity (see also [12] ).
The rod-structure (domain-structure) of the black hole space-time thus consists of two sets of invariants
• A set of topological invariants: The split up of the z-axis into intervals, with each rod either being a Killing horizon or a fixed plane of a rotation. Furthermore, for the spacelike rods corresponding to a fixed plane of rotation the direction is v = mV (1) + nV (2) with m, n ∈ Z (along with the above restriction on successive rods). This constitutes a set of topological invariants of the black hole space-time.
• A set of geometrical invariants: The lengths of the rods, measured simply as κ i+1 − κ i for the rod (κ i , κ i+1 ).
The above set invariants are the invariants that one can read off from the metric of a black hole space-time in EMCS gravity. Below we shall use the matter fields of EMCS gravity to define further invariants in the form of locally and globally measured physical quantities such as the mass, angular momenta, and various types of charges and fluxes and explore what set of invariants can characterize uniquely a rather large set of black hole space-times in EMCS gravity.
Minimal Supergravity
In this section we write down the necessary formalism for five-dimensional Einstein-MaxwellChern-Simons (EMCS) gravity, also known as (the bosonic sector of) minimal supergravity, which will be useful for the uniqueness theorem of section 4. We first give the original action of 5D EMCS gravity and then by writing the metric in the Weyl-Papapetrou form we rewrite this action in the non-linear sigma model form for which a Mazur identity can be derived.
Action and Weyl-Papapetrou form
The action and the equations of motion are given by:
Now, define the Killing vector fields
and assume that V (1) and V (2) also preserve the Maxwell field, i.e., L V (a) F = 0 for a = 1, 2. Then, the metric (2.3) can be rewritten in the Weyl-Papapetrou form:
together with the gauge field 8 :
In Appendix A we give the relations between (2.3) and (3.4).
The metric functions a a t are determined by:
And the t-component of the gauge field by:
The electric, magnetic and twist potentials ψ a , µ, ω a are respectively determined by:
with the magnetic one-form B and the twist one form W a given by:
Here V (i) , i = 1, 2, are the one-forms gotten from the Killing vector fields V (i) , i = 1, 2, by using the metric.
Reduction to the Non-Linear Sigma Model and the Mazur Identity
With all of this equipment one can rewrite the action (3.1) in the non-linear sigma model form (see [8] for details):
where Θ is a 7x7 matrix defined as:
whereÂ andĈ are symmetric 3x3 matrices,B is a 3x3 matrix,Û andV are 3-component column matrices, andŜ is a scalar. These entries depend only on λ ab , φ a , µ, ω a . Their explicit form is given in Appendix B. Θ has the property of being symmetric and unimodular (detΘ = 1) and can be split as Θ =ĝĝ T withĝ being a G 2(2) matrix.
If we now consider two different field configurations Θ 0 and Θ 1 , i.e., two different configurations of {λ ab , ω a , µ, ψ a }, then one can derive the Mazur identity:
with Ψ defined as:
and h = dr 2 + dz 2 , whereas, M is given by:
The integral over the boundary ∂Σ in (3.16) is taken over the z-axis at r = 0 and at infinity. If the LHS of (3.16) vanishes then we must haveJ = 0 on the RHS. Hence, ifJ = 0 the matrix Ψ must be constant over the entire region Σ. It then suffices to show that Ψ is zero at one part of the boundary ∂Σ in order to prove the equivalence of the two solutions. This will be the basis for our uniqueness theorem of section 4 below.
Uniqueness of Black Holes with Disconnected Horizons
Our goal in this section is to prove the following theorem:
in 5D EMCS theory, an asymptotically flat stationary rotating charged non-extremal black hole solution with multiple disconnected horizons that is regular on and outside all the event horizons. If (1) the black hole space-time admits, besides the stationary Killing vector, two mutually commuting axial Killing vector fields and (2) the topology of each horizon is either
S 3 or S 1 × S 2 ,
then the black hole space-time is uniquely characterized by its rod structure, asymptotic charges as well as the local charges and fluxes.
In order to prove the above theorem we will take the same approach as the one taken in [8] , consisting in showing that the LHS of the Mazur Identity vanishes on the boundary ∂Σ. We start by rewriting the LHS of (3.16) as:
where the index I denotes a specific rod.
In order to show that the RHS of the equation above vanishes we will need to derive the boundary conditions for a field configuration Θ = {λ ab , ω a , µ, ψ a }. The quantities which need to be specified to appropriately derive these boundary conditions for each rod I and at infinity depend on the result of the calculation of the RHS of equation (4.1 This means that to characterize a solution one needs to define the local charges and fluxes such that they fully determine the potentials {ω a , µ, ψ a } at all of the rod end points.
We will now define the rod structure of the class of solutions we are interested in and show that the values of the potentials {ω a , µ, ψ a } are determined from the rod structure, asymptotic charges and the local charges and fluxes.
Rod Structure of the General Black Hole Solution
The most general black hole solution in this theory obeying our two requirements above corresponds to a charged 2-spin Myers-Perry black hole with n 1 2-spin concentric charged dipole black rings placed on the ψ orthogonal plane and n 2 2-spin concentric charged dipole black rings placed on the φ orthogonal plane.
This has the following rod structure:
Here n 1 is the total number of concentric black rings with the S 1 parameterized by ψ. N is the total number of black hole horizons and is defined as N = n 1 + n 2 + 1, where n 2 is the total number of concentric black rings with the S 1 parameterized by φ and the extra factor of 1 accounts for the Myers-Perry black hole.
Since we can rescale and shift the z-axis without changing the properties of the solution we can always define dimensionless rod structure parameters in the form above and satisfying:
Define i as an index that runs over i = 1, ..., N , where i = m labels the Myers-Perry black hole, then we can summarize the rod structure above as 9 :
(ii) φ-invariant plane: n 1 rods with
where the S 1 is parameterized by ψ.
(iv) BH Horizon:
where the S 1 is parameterized by φ.
(vi) ψ-invariant plane: n 2 rods with Σ ψ i = {(r, z)|r = 0, κ i < z < κ i+1 , i = 2l, (n 1 + 2) ≤ l ≤ (N − 1)} and rod vector v = (0, 0, 1).
(vii) ψ-invariant plane: Σ ψ = {(r, z)|r = 0, κ 2N < z < +∞} with rod vector v = (0, 0, 1).
(viii) Asymptotic infinity:
Boundary Value Problem
Here we provide the necessary tools that will allow us to set boundary conditions on the different fields {λ ab , ω a , µ, ψ a } at the rods and at infinity. We also define intrinsic local charges and fluxes that will be determinant in the proof of our uniqueness theorem. These local charges will measure the intrinsic angular momenta, electric charge, Maxwell electric charge, dipole charge and Chern-Simons dipole charge of a specific horizon H i , where the fluxes will measure the magnetic flux and the Chern-Simons flux at each fixed plane of rotation φ k , ψ k .
I. Metric Fields λ ab
To impose boundary conditions on these fields one needs to write down the metric near a rod. It is then useful to make use of the following theorem This implies that we can write the metric near a rod as:
where A ij (z) and a(z) are functions that depend on the particular solution and c is a positive constant. With this the fields λ ab are specified near a rod. At infinity it is straightforward to use the asymptotic expansion of the metric in appendix C and the map on appendix A.
II. Electric Potentials ψ a
The gauge field A, and hence the electric potentials, can be specified by writing down the field strength F near a rod. This can easily be done through the equation of motion (3.2). In fact, considering for example the rod corresponding to the φ-invariant plane, one can find the following relations:
where H φ (z), H ψ (z), H t (z) are non-trivial functions of z. Nevertheless, this is not enough to specify completely the potentials ψ a in the presence of a dipole charge. This charge is defined as:
where the integral is performed over an S 2 that encloses the ring once and the S 1 is parameterized by a = (ψ, φ). Besides having to specify an S 2 it is also necessary to specify a tangent vector along the ring, hence diametrically opposite points of the ring will have opposite charges [25] .
Bearing in mind the rod structure presented in section 4.1 and using the definition F = dA we obtain for a ring with an S 1 parameterized by ψ:
where z 1 , z 2 are the endpoints of a specific rod interval I and A is a function of (r, z) only. For a ring placed on the other orthogonal plane we find 10 :
We can then easily impose boundary conditions on these potentials by defining the intrinsic dipole charge measured at each horizon:
Then, imagine starting from the leftmost rod representing the φ-fixed plane of rotation. Here A φ = 0 since from equation (3.10) ψ φ is constant on any φ-fixed plane and, as we will see below, A φ → 0 at infinity. Hence, until we hit the Myers-Perry black hole we can specify the value of ψ φ at any φ k -fixed plane of rotation by adding the contributions from each black ring horizon:q
10 There is a small subtlety that one has to consider while parameterizing the 2-sphere for a ring placed on the φ orthogonal plane. This subtlety is manifest when we define the coordinates cosθ = −1 + κ 2N z at the rightmost rod representing the ψ-invariant plane. Hence, one needs to take into account the minus sign coming from the change in orientation.
and, starting from the rightmost rod, for any ψ k -fixed plane of rotation we obtain a similar expression for ψ k ψ .
The intrinsic dipole charges and the considerations on the gauge field above are sufficient to set correct boundary conditions on the potentials ψ a . This potential can be specified at infinity through the equation of motion (3.2) as above.
III. Twist Potentials ω a
To impose restrictions on these potentials we start with equation (3.12) and apply Stoke's theorem in order to obtain a relation between the value of the twist potentials on the rods and on the boundary at infinity:
Now, since the second term on the RHS of (4.11) vanishes, as we will see when considering the asymptotic behavior of the solution, and the twist potentials are invariant under the action of the 2-independent rotation isometries then the first term on the RHS above is seen to be proportional to the total angular momenta measured at infinity, i.e.:
with J T a given by:
Due to the fact that we have the freedom to add constants to the twist potentials we will choose for convenience the value α = A closer look at equations (3.10)-(3.14) tells us that in the presence of a dipole charge the twist potentials do not necessarily vanish on the fixed planes of rotation. It is thus convenient to split this integral into three different parts:
where we have defined the intrinsic angular momenta measured near each horizon by:
In the above expression the first term on the RHS is proportional to the angular momenta Komar integral evaluated on the horizon while the second term accounts for the electromagnetic contribution to the momenta. We now focus on the second term of equation (4.14), which is in essence the same as the third term. On a specific φ k -fixed plane of rotation we have for a = φ the quantity:
In the second step we have used the definition (4.10) and the fact that ψ φ is constant on any φ-fixed plane of rotation. In the last step we have used the definition of the magnetic flux measured on each φ k -fixed plane of rotation 11 :
where the 2-dimensional surface C k has the topology of a disk with a hole in the middle. If we now take a = ψ we obtain:
where we have defined the Chern-Simons flux measured on each φ-fixed plane of rotation by: 12
Now, following the analysis of [11] we can write for any φ k -fixed plane:
Then, using equations (3.10)-(3.14) we can determine the potentials ω k a as functions of ψ k ψ ,
where c k φ , c k ψ are constants to be determined. To determine these constants, as it has been shown in [11] for the case of a single dipole ring, it is necessary to have the knowledge of the function f k (z) at one of the endpoints of the rod interval we are considering as well as the knowledge of the potentials ω k a at that same point. The knowledge of the last we can easily obtain, it is the sum of the contributions of the intrinsic angular momenta and fluxes given by:
while for the latter we can make use of the definitions of magnetic flux and Chern-Simons flux (4.17), (4.19) to obtain the following two equations for any φ k -fixed plane with z ǫ [κ i , κ i+1 ]:
For which we obtain a unique solution:
Then, the constants c k φ , c k ψ are easily obtained. As an example one can write c k ψ as:
The same analysis can be done for any ψ k -fixed plane.
The expression (4.26) is not valid for the case in which the flux Φ k φ vanish. In fact, for this case the fluxes are not enough to determine the function f k (κ i ) since from equations (4.23) and (4.24) we only obtain f k (κ i ) = f k (κ i+1 ). At the end of the section below we will explain how to deal with this case.
The considerations above are enough to specify the boundary conditions for these potentials on any rod for which Φ k φ = 0. On the boundary at infinity we can use the asymptotic metric expansion and the equations (3.6)-(3.14).
IV. Magnetic Potential µ
In a similar fashion as above we start with equation (3.11) and apply Stoke's Theorem in order to relate the difference in the magnetic potential between the leftmost and rightmost horizon rod with the total electric charge in a very simple way:
27) where the total electric charge Q T is given by:
Hence we can set the value µ = − 2Q T √ 3π
on the leftmost and rightmost rods respectively. Again, in the presence of dipole charges, the magnetic potential is not necessarily constant on the fixed planes of rotation. Hence we can write the LHS of equation (4.27) into a sum of integrals over the horizon and axes rods:
where we have defined the intrinsic electric charge measured near each horizon by:
The second term on the RHS of (4.29) can be rewritten on an fixed plane of rotation φ k as above:
proceed as above and use equation (3.11) to write:
where c k µ is a constant which can be determined as in the previous case for Φ k φ = 0 by specifying the value of µ k at one of the rod endpoints:
We will now consider the case Φ k φ = 0 in detail. In this case the problem relies on finding for each rod I the value of f k (κ i ). This can be done as follows. Suppose that at any φ k -fixed plane Φ k φ = 0, then consider the ring horizon rod H i at the left of the φ k -fixed plane. For this rod we have defined the electric charge Q i given by (4.30). However, in theories with Chern-Simons terms there are different notion of charges and the electric charge Q i is known as the Page charge [26] . If we now in addition define the Maxwell charge for this horizon as:
Then, the Chern-Simon contribution to the electric charge is given by:
If we now take the RHS of the equation above and express it in terms of the twist potentials we obtain:
The second term on the RHS side we can obtain by defining the Chern-Simons dipole charge:
As with the dipole charge we have to keep ψ constant and specify a tangent vector along the ring. Using this definition and equation (4.36) we obtain, setting i = k, a recursive relation for f k (z) at one of the endpoints:
This can always be exactly determined since f k−1 (κ i ) can be determined either by the fluxes or using the above relation for the previous horizon, noting that at the leftmost semi-infinite rodq k−1 ψ = 0. This can then be used to obtain the constants c k φ , c k ψ , c k µ as above. The same analysis can be carried out at any ψ k -fixed plane. However, note that expression (4.38) cannot be used to determine f k (κ k+1 ) whenq k ψ = 0, nevertheless this is not necessary in this case since by looking at equations (4.21) and (4.32) the constants c k φ , c k ψ , c k µ are immediately determined.
Summarizing, in addition to the local angular momenta J i a and the electric charges Q i , Q i M , we need in general to specify the charges:
at the horizon of each ring and the fluxes:
at each φ k -fixed plane of rotation, and similarly for all the rings placed at the other orthogonal plane and for each ψ k -fixed plane.
We note that all known regular analytical solutions with multiple disconnected horizons fall into the class with Φ k a = 0, Q i a = 0 and
These intrinsic charges and fluxes are sufficient to specify all boundary conditions on the potentials µ. At infinity we use the same approach as we did for the twist potentials.
Proof of the Uniqueness Theorem
In this section we will apply the above considerations to the rod structure of section 4.1. In order to prove our uniqueness theorem we will need to compute the quantity r∂ z T rΨ on the LHS of the Mazur identity (3.16) and show that it vanishes as r → 0 on all rods and at infinity.
(i) φ-invariant plane: Σ φ = {(r, z)|r = 0, −∞ < z < κ 1 } and rod vector v = (0, 0, 1).
(ii) φ-invariant plane: n 1 rods with Σ φ k = {(r, z)|r = 0, κ i < z < κ i+1 , i = 2l, 1 ≤ l ≤ n 1 } and rod vector v = (0, 0, 1).
} and rod vector v = (0, 0, 1).
The metric fields λ ab are given in appendix C, while the remaining ones are given by:
Thus we find that the boundary integral (4.1) vanishes on the rods I and at infinity. Furthermore Θ → 0 at infinity and hence it vanishes everywhere on Σ, therefore the two field configurations Θ 0 and Θ 1 coincide with each other. This completes the proof of the uniqueness theorem.
Application to Exact Solutions with Disconnected Horizons
In this section we analyze several known solutions of black hole space-times with disconnected horizons. All these solutions satisfy Φ k a = 0, Q i a = 0 and Q i − Q i M = 0. We apply the considerations above to different cases and prove uniqueness of such solutions. We specify the particular rod structure for each case as well as the boundary conditions on the fields {ω a , ψ a }. 13 
Case 1: Black Saturn with Dipole Ring
This solution was found in [19] and it is a dipole charged version of the black saturn found in [18] . It describes a Myers-Perry black hole surrounded by a dipole black ring. The regular black saturn solution with dipole charge, after fixing the total mass and angular momenta, exhibits 3-fold continuous non-uniqueness, this means that one of the rod parameters κ i can be expressed in terms of the remaining two. The rod structure and boundary conditions can be summarized as:
(i) φ-invariant plane: Σ φ = {(r, z)|r = 0, −∞ < z < κ 1 } with rod vector v = (0, 0, 1).
(ii) φ-invariant plane: Σ φ 1 = {(r, z)|r = 0, κ 2 < z < κ 3 } with rod vector v = (0, 0, 1).
13 The boundary conditions on the metric fields λ ab and on the potential µ are common to all solutions since we do not consider electrically charged solutions in what follows, so we do not write them down explicitly. The same holds for the conditions on any horizon and at infinity.
(iii) BR Horizon: Σ H 1 = {(r, z)|r = 0, κ 1 < z < κ 2 } with rod vector v = (1, 0, Ω 1 ψ ) where the S 1 is parameterized by ψ.
(iv) BH Horizon: Σ H 2 = {(r, z)|r = 0, κ 3 < z < 1} and rod vector v = (1, 0, Ω 2 ψ ).
(v) ψ-invariant plane: Σ ψ = {(r, z)|r = 0, 1 < z < +∞} with rod vector v = (0, 1, 0).
Hence, given the parameters κ 1 , κ 2 and the charges M T , J T ψ , J 1 ψ , q 1 ψ , we obtain a unique black saturn solution.
Case 2: Black Di-Ring with Dipole Charge
This solution describes two concentric black rings with dipole charge [22] and it is a dipole charged version of the one found in [21, 20] . It exhibits 4-fold continuous non-uniqueness such that there are two independent rod parameters for a regular di-ring. The rod structure and the boundary conditions are summarized as:
(iii) φ-invariant plane: Σ φ 2 = {(r, z)|r = 0, κ 4 < z < 1} with rod vector v = (0, 0, 1).
with rod vector v = (1, 0, Ω i ψ ) where the S 1 is parameterized by ψ.
Thus, this solution is uniquely specified given the parameters κ 1 , κ 2 and the charges M T , J T ψ , J 1 ψ , q 1 ψ , q 2 ψ .
Case 3: Black Bi-Ring
This solution describes two black rings placed in different orthogonal planes and was first found in [23] . The regular bicycling solution, after fixing the total mass and both angular momenta exhibits 1-fold continuous non-uniqueness. The rod structure and boundary conditions can be summarized as:
(iii) BR Horizon: Σ H 1 = {(r, z)|r = 0, κ 1 < z < κ 2 } with rod vector v = (1, Ω 1 φ , Ω 1 ψ ) where the S 1 is parameterized by ψ.
(iv) BR Horizon: Σ H 2 = {(r, z)|r = 0, κ 4 < z < κ 5 } with rod vector v = (1, Ω 2 φ , Ω 2 ψ ) where the S 1 is parameterized by φ.
(v) ψ-invariant plane: Σ ψ 1 = {(r, z)|r = 0, κ 3 < z < κ 4 } with rod vector v = (0, 1, 0).
(vi) ψ-invariant plane: Σ ψ = {(r, z)|r = 0, κ 5 < z < +∞} with rod vector v = (0, 1, 0).
Therefore, this solution is unique given the parameters κ 1 and the charges M T , J T φ , J T ψ , J 1 φ , J 1 ψ .
Generalization to Lens Spaces
Here we show how this theorem can be generalized to include black hole space-times with Lens space horizon topology. A black hole of this kind has the following rod structure [27] :
The difference between this space-time and a single dipole black ring is on the φ-fixed plane at the right of the horizon rod:
(ii) φ-invariant plane: Σ φ 1 = {(r, z)|r = 0, κ 2 < z < κ 3 } and rod vector v = (0, 1, p). As it has been shown in [11] for this rod we can write: 
The problem then relies on finding the constant c 0 . In a similar fashion as in [28] we define at the rightmost semi-infinite rod the magnetic flux:
since ψ φ vanishes as z → +∞. Hence, using equation (4.39) we can determine the constant c 0 to be:
This then leads to r∂ z T r(Ψ) = O(r), therefore, a black hole space-time with Lens space horizon topology is uniquely characterized by its mass, angular momenta, electric charge and magnetic flux.
Discussion
In this paper we have proved that, in 5D EMCS theory, a non-extremal asymptotically flat stationary rotating charged black hole solution with multiple disconnected horizons which, (1) besides the stationary Killing vector field, admits two mutually commuting axial Killing vector fields, (2) the topology of each horizon is either S 3 or S 1 × S 2 , then the solution is uniquely specified by its rod structure, asymptotic charges, intrinsic charges and fluxes. This theorem is a generalization of the theorems given in [4, 6, 7, 8, 11] , to black hole space-times with disconnected horizons. We have restricted this theorem to include only asymptotic flat solutions, however, this theorem would be trivially generalized to include asymptotic KaluzaKlein spaces by just defining the necessary fluxes in the leftmost and rightmost semi-infinite rods.
In this work we have directed our attention to non-extremal black hole solutions, to include these cases, as it has been shown in [10] for the pure gravity case, a further specification, namely the near-horizon geometry, has also to be given in order to define correct boundary conditions. However, if the near-horizon geometry of all extremal black hole solutions in 5D EMCS could be fully characterized then our theorem could possibly be easily generalized to include the extremal case. In fact recent research on this subject [29] has shed some light onto this problem but still some more work needs to be done. These issues deserve further study.
